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Abstract 

It has been shown that certain W algebras can be linearized by the 
inclusion of a spin-1 current. This Provides a way of obtaining new real- 
izations of the W algebras. In this paper, we investigate the new ghost 
field realizations of the W2,s(s = 3,4) algebras, making use of the fact 
that these two algebras can be linearized. We then construct the nilpo- 
tent BRST charges of the spinor non-critical W2,s strings with these 
new realizations. 
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1. Introduction 

W algebra has received considerable attention and application since its discovery in the middle 
of the 1980's [1]. Much work has been carried out on the classification of it and the study of the W 
gravity and W string theories. Furthermore, it also appears in the quantum Hall effect, black holes, 
in lattice models of statistical mechanics at criticality, and in other physical models [2] and so on. 

In all applications of W algebra, the investigation of the W string is more interesting and im- 
portant. The BRST method [3] has turned out to be the simplest way to study the critical and 
non-critical W string theories. The BRST charge of string was first constructed in [4], and the de- 
tailed studies of it can be found in [4-6]. The scalar field realizations of W2.S strings, which is a natural 
generalization of the W'^ string, have been obtained for s = 4, 5,6,7 [6-8]. In Ref. [9] we discovered 
the reason that the scalar BRST charge is difficult to be generalized to a general Wn string. At the 
same time, we found the methods to construct the spinor field realizations of W2.S strings and Wn 
strings [9,10]. Subsequently, we studied the exact spinor field realizations of W2,s{f' = 3, 4, 5, 6) strings 
and Wn{N = 4,5,6) strings [9-11]. Recently, the authors have constructed the nilpotent BRST 
charges of spinor non-critical W2,s(s = 3, 4) strings by taking into account the property of spinor field 
[12]. These results will be of importance for constructing super W strings, and they will provide the 
essential ingredients. 

However, all of these theories about the W^2,s strings mentioned above arc based on the non-linear 
W2^s algebras. Because of the intrinsic nonlinearity of the VF2,s algebras, their study is a more diffi- 
cult task compared to linear algebras. Fortunately, it has been shown that certain W algebras can 
be linearized by the inclusion of a spin-1 current. Once the linear algebra is constructed, one could 
algorithmically reproduce the structure of the corresponding nonlinear algebra. This provides a way 
of obtaining new realizations of the W2,s algebras. Such new realizations were constructed for the 
purpose of building the corresponding scalar W2,s strings [13]. 

Since up to now there is no work focused on the research of ghost field realizations of the spinor 
W2,s strings based on the linear algebras, we will construct the new nilpotent BRST charges 

of spinor non-critical VF2,s strings for the first time by using the linear bases of the VFi,2.s algebras in 
this paper. To construct a non-critical BRST charge one must first solve the forms of matter currents 
T and W determined by the OPEs of TT, TW and WW . T and W here are constructed by the 
linear bases Tq,Jq,Wq of the VFi,2,s algebras, and these linear bases are constructed with the ghost 
fields. Then direct substitution of these results into BRST charge leads to the grading spinor field 
realizations. Such constructions are discussed for s = 3, 4 in detail. For the case of critical realizations, 
the corresponding results can be obtained naturally when the terms of matter currents vanish. All 
these results will be of importance for embedding of the Virasoro string into the W2^s strings. 

The present paper is organized as follows. In Section 2, we construct the linear bases of the Wi,2,s 
algebras and give the ghost field realizations of the W2^s algebras. Then in section 3, we build new 
BRST charges of the spinor non-critical 11^2,3 and ^2,4 strings by using the grading BRST method. 
And finally, the paper ends with a brief conclusion. 

2. The linear VFi,2,s algebras and the new ghost realizations of the W2,s algebras 

The 1^2,5 algebras can be linearized by the inclusion of a spin-1 current [14]. The OPEs of the 
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spin-1 current with the spin-2 current T and spin-s current W of the W2,s algebras are uniquely 
determined by requiring that the Jacobi identities be satisfied. The bases T and W then can be 
constructed by the linear bases of the W\^2,s algebras: 

T = Tq 

(1) 

W = Wo + Wr{Jo,To) 

where the currents Tq^Wq and Jq generate the W\^2,s algebras. And the linearized VFi,2,3 and VFi,2,4 
algebras take the form: 

C/2 
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where s = 3 and 4 respectively. The coefficients C, Ci and h are given by 
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One can realize the algebras given in Eq. (2) by the two-spinor realizations in which the current 
Wo is zero. However, it was shown that Wq does not have to be zero [14], we can alternatively realize 
it in terms of the ghost field in this paper. To obtain the new realizations for the linearized Wi,2,s 
algebras, we use the bosonic ghost fields {R, S) with spins {s, 1 — s) and ci) with spins {k, 1 — k) to 
construct the linear bases of them. Then the realizations for the Wi,2,3 and W\^2,A algebras are given 

by 

To =Teff + Tg, 

Jo =pRS + Xbici, (4) 
Wo=R, 

where 

Tg =sRdS +{s- l)dRS + kbidci + {k - l)dbici (5) 

and Tgff is an arbitrary effective energy-momentum tensor with central Cg//. By making use of the 
OPEs Jo{z)Jo{oj) and Jo{z)Wo{u;) in (2), we can solve the coefficients p and A. Prom the OPE 
relation of To and Jo and Eq. (3), we determine the value of k. Substituting this value into Eq. (5), 
we can determine the central charge Cg of Tg with its OPE. Since the central charge C for To is 
C = Cg + Ceff, the value of Ce// can be obtained. All the coefficients are listed as follows: 
(i) s=3 
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(ii) s=4 



1 2Vl - ^ „ 48 _ 12 



p = -t, A = ±\/l-t2, A;=-^^L- , C'3 = 97 + _, Ce// = -11 + ^ + 30^2. (7) 

Now let us turn our attention to the study of the ghost field realizations of the W^2,s algebras 
with linear bases of the Wi^2,s algebras. We begin by reviewing the structures of the W2,s algebras in 
conformal language. The OPE W{z)W{u!) for 1^2,3 algebra is given by [1] 
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For the case 1^2,4, the OPE W{z)W{u) take the form [15]: 
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■(z-a;)2 2(z-c^)J (z-w)8' 
where the composites U (spin 4), and G, A and B (all spin 6 ), arc defined by 

U = {TT) - ^d'^T, G = {d'^TT) - d{dTT) + ^d'^(TT) - ^d^T, 



(11) 

with normal ordering of products of currents understood. The coefficients (7j(i = 1 — 5) are given by 



A = (TU) - -d'^U, B = (TW) - -d'^W, 
6 6 
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'^^ ~ 5C + 22' V (5C + 22)(7C + 68)(2C- 1) ' 

_ 3(19C - 524) _ 24(72C + 13) /^2) 
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28 

= 3(C + 24)^^- 

The forms of T and W can be constructed with the linear bases Tq, Jq and Wq. First we can 
write down the most general possible structure of W , then the relations of above OPEs determine 
the coefficients of the terms in the explicit results turn out to be very simple as follows: 
(i) s = 3 

r = To, 

(13) 

W = Wq + Cid^Jo + CidJoJo + CsJi + adTo + CsTq Jo, 
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where 
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3. Ghost field realizations of the spinor non-critical W2,s strings 

In this section, we construct the exphcit ghost field realizations of the spinor non-critical W2^s 
strings for s = 3 and 4. Since the non-critical W2,s strings are the theories of W2,s gravity coupled 
to a matter system, we introduce the matter currents T„i, Wm for the W2^g algebras in the beginning. 
Then we introduce the (6, c) ghost system with spins (2,-1) for the spin-2 current, and the (/3,7) 
with spins (s, 1 — s) for the spin-s current. The ghost fields b, c, (3, 7 are all bosonic and commuting. 
For the Liouville sector, the spinor field realizations of the algebras were constructed in our work 
of Rcf.[12]. Wc can instead realize the algebras here by two pairs of bosonic ghost fields (62,02) 
and (63,03). The BRST charge takes the form: 

Qb = Qo + Qi, (15) 

Qo = ^dz c{Tl + Tm + KTbc + yTp^), (16) 

Q,= (fdzjF{b2,C2,P,j,Tm,W^), (17) 
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where K, y are pending constants. The matter currents T^^ and Wm, which have spin 2 and s respec- 
tively, generate the algebras. The energy-momentum tensors in Eq. (16) are given by 

Tl = 2b2dc2 + db2C2 + 2b3dc3 + 553C3, (18) 

Tbc = 2bdc + dbc. (19) 

Tfs^ = sPd-f + {s- l)5/?7, (20) 

The operator F{b2, C2, (3,^,Tm,Wm) has spin s and ghost number zero. The nilpotent BRST charge 
generalizes the one for scalar non-critical W^2,s strings, and it is also graded with Q^ = Q\ = {Qq, Qi} = 
0. It should be emphasized that the first condition is satisfied for any s automatically, we only need 
the other two conditions to determine y and the coefficients of the terms in F(b2,C2, P,'y,Tm,Wm)- 

We now discuss the exact solutions of ghost field realizations of the spinor non-critical W2,3 and 
H^2,4 strings respectively, making use of the grading BRST method and the procedure mentioned 
above. 

3.1. Ghost field realizations of the spinor non-critical ^2,3 strings 

In this case, the BRST operator Qb takes the form of (15). Considering the most extensive 
combinations with correct spin and ghost number, we can construct F(62, C25 7, W^m) in Eq. 
(17) as following: 

F = M^l^ + /2 + hd[3d^ + Upd''^ + f5bl4 + hdb2b2(^ + f7hldc2C2 + hdb2dc2 

+ /95'&2C2 + /10625'C2 + /ll/3'7'«>2C2 + /l2/37feici + /l35/?7&2C2 + /l4/357&2C2 (21) 

+ fir,(3ldb2C2 + /i6/?7^2t^C2 + fnf^^Tm + fi8b2C2Tm + figdTm + f20Wm- 

Substituting this expression back into Eq. (17) and using the nilpotency conditions, we can calculate 
the results of y and fi{i = 1, 2, ...10). They correspond to three sets of solutions, i.e. 

(i) y = and 

fi=0 (Z = 5- 12,17- 20), /l3 = /l6, /l4 = 2/i6, /l5 = /l6, 

and fj{j = 1 — 4, 16) are arbitrary constants but do not vanish at the same time. 

(ii) y = 1 and 

/i =^(-2/2 - /ii), /a = Y^(480/2 - 60/4 - 90/i4 + IOO/15 + 8O/16 - 3C^/i8 - 4C^/i9), 

/5 =72^(27060/2 - 39360/4 - 8280/8 + 15480/9 + 67500/ii - 24480/i4 
+ 46700/15 + 2260/16 - 591C^/i8 - IMSC^/ig), 

/6=^ (2/8 -10/9 + 5/14 -10/15), 

/7 =2^(5280/2 - 7680/4 - 2340/8 - I26O/9 + I26O/14 + IIOO/15 

- 3620/16 - 33C„,/i8 - 224C„,/i9), 

/lo =^(5280/2 - 7680/4 - 540/8 - I26O/9 - 990/i4 + IIOO/15 + 88O/16 - 33C^/i8 - 224C„/i9), 
yuu 

/12 =^(-660/2 + 960/4 - 2700/11 + 720/14 - IO6O/15 - 380/16 + 21Cm/i8 + 28C^/i9), 
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/i3 =^(660/2 - 960/4 - 360/14 + 700/i5 + 560/i6 - 21Cmfi8 - 28C„/i9), 

/i7 ^Y^(~^f^^ ~ 4/19), 

where fj{j = 2, 4, 8, 9, 11, 14, 15, 16, 18, 19, 20) are arbitrary constants but do not vanish at the same 
time. Cm is the central charge corresponding to the matter current T^. 
(iii) y is an arbitrary constant and 

fi=0 (i = 5- 12,17- 20), 

2 39 11 

fl=— 77^/2, h = 7^/2) /4 = 7^/2, /l3 = /16, /l4 = 2/16, /l5 = /16, 

10 16 16 

where /2 and /le arc arbitrary constants but do not vanish at the same time. 

Substituting the realizations (13) for W2,z, witli Tq,Jq and Wq given by (4,5,6), we obtain tlie 
solutions for the ghost field realizations of the spinor non-critical M^2,3 string. 

3.2. Ghost field realizations of the spinor non-critical W^2,4 strings 

Similarly, for the case s = 4, Qb also takes the form of (15) and F(62, C2, /3, 7, T^, VF^) can be 
expressed in the following form: 

F = giP^^^ + g2dpp^^^ + gaP^djj^ + g^d^pp-f^ + gsp^d^j-/ + geidpfj^ + grP^d-ff 
+ g8d/3/3d-f-f + ggd^p-f + gwpd^j + giibj4 + gi2db2bl4 + gi3bldc24 + 9i4d'^b2b24 
+ 9i5bld'^C2C2 + gi6{db2f(^ + gi7bl{dc2f + gisdb2b2dc2C2 + 519^^^202 + g2ob2d^C2 
+ 92i0^1^b2C2 + g220^l'^blc^ + g2zPlbl4 + 524 5/3,37^ &2C2 + 525/3^577^'2C2 + 526/3^7^5^*202 

+ 927p^1^b2dc2 + 5289/97^2^2 + 929Pd-/blcl + gml3ldb2b2cl + 53i/37^29c2C2 + 532^/3076202 (22) 

+ 933Pldb2dc2 + g34dP'ydb2C2 + 535^/37^2902 536/397962C2 + 537/39762<9c2 538^^/37^202 

+ 539/39^7^202 + 540/379^6202 + 541/37629^02 + g420^l^Tm + g43dl3jTm + g44/3d'yTm 

+ 94bPldTm. + g46blclTm + g47db2C2Tm + g48b2dc2Tm + 549?'2029r^ 
+ 95oPlb2C2Tm + g^iTl + g52d^Tm + 553 W^. 

There are three sets of solutions: 

(i) y = and 

= (z = 11 - 23, 39, 42, 46 - 53), 

524 = 2^26, 525=3526, 527 = 526 , 528 = 2 530 , 529 = 530 , 531 = 530, 

532 = 2(534-540), 535=533 + 534-2540, 536 = 2540, 537 = 2(533-540), 

538 = 534 — 540, 541=533 — 540, 543=545, 544 = 2545, 

where gj{j = 1 — 10, 26, 30, 33, 34, 40, 45) are arbitrary constants but do not vanish at the same time. 

(ii) y = 1 and 

51 = Y4^(~^92 + 653 - 3521), 510 = -[^{^^95 - 1457 + 3539), 59 = —(-9054 - IO855 
+ 24^7 + 30^8 - 6533 + IO536 + 8537 - 6539 - 14^40 - IO541 + C'm544 - 2C^545), 

= -^(-25872052 + 19404053 - 2O6IO54 + 9936455 - 10876856 - 928O857 + 4312658 - 84245i4 
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+ 23520^26 - 23520527 - 3558^33 + 6592^34 - 6592^35 - 13662536 - 1620^37 + 918^39 

+ 24290540 + 13390541 - 2940a«542 - 824C^543 - 927C„,544 + 2678C^545 + 108C^547), 
7 7 

515 = g (ff37 - 539 - 2541), 518 = 2 (-2533 + 536 + 537 - 2539), 

519 = ^(-6514 + 7536 - 7539 - 14540), 

524 = ^(-8052 + 6O53 - 654 - 3655 - 4856 + 1858 + IO526 + 8527 + C^542), 

525 = ^(8852 - 6653 + 4854 - I655 + 2457 - I658 + IO526 + 8527 + Cm542), 

531 = ^(21526 - 2I527 + 3530 - 3533 + 4534 - 4535 - 3536 + 3537 + 5540 + 541), 
546 = -^(882542 + 58543 - 113544 + I68545 - 43547 - II548 - 22551 - 5Cmg5i), 

549 = ^(110543 - 13544 - 84545 + 25547 + 2O548 + 22551 + 5C^55i), 

2 1 

550 = ^(-21542 - 4543 + 3544 - 2545), 552 = —(-22543 + II544 - 5547 - 4548 - 8551 - Cm95l), 

where gj{j = 2-8, 14, 21, 26, 27, 30, 33 - 37, 39 - 45, 47, 48, 51, 53) are arbitrary constants but do not 
vanish at the same time. The other coefficients gi{i = 12,13,16,17,20,22,23,28,29,32,38) have a 
more verbose form which is similar to 512, we don't Hst them here, 
(iii) y is an arbitrary constant and 

gi = (i = 11 - 23,39,42,46 - 53), 

289 1 
51 = ^^(354 + 255 - 58), 52 = 3^(95753 - 289(354 + 255 - 58)), 

56 = (771354 + 3855 - 1958), 57 = 7^(5754 + 27O55 - 1958), 
7656 116 

63 133 
59 = ^(-354 - 255 + 58), 510 = ^i~^94 - 255 + 58), 

524 = 2526, 525 = 3526, 527 = 526, 528 = 2530, 529 = 530, 
531 = 530, 532 = 2(534 -540), 535 = 533 + 534 - 2540, 
536 = 2540, 537 = 2(533-540), 538 = 534 - 540, 

541 = 533 - 540, 543 = 545, 544 = 2545, 

where gj{j = 3, 4, 5, 8, 26, 30, 33, 34, 40, 45) are arbitrary constants but do not vanish at the same time. 

Substituting the realizations (14) for W2,4, with Tq, Jq and Wo given by (4,5,7), we obtain the 
solutions for the ghost field realizations of the spinor non-critical 1^2,4 string. 

Since the solutions of F{b2, C2, 7, T^, Wm) are of general type, the constructions of Qi are general 
naturally. Noting that the constructions of the energy-momentum tensors in Qq include all combi- 
nations of various fields, the realizations oi Qb = Qo + Qi that we have obtained are of the most 
general constructions. For the case of the spinor critical W2,s strings, the realizations can be obtained 
when the matter currents and Wm in Eqs. (16, 17) vanish. It is easy to see that the constructions 
become relatively simple and there are also three sets of solutions for each s. For the reason of space. 
We don't list them here. 

Note that our new realizations, based on spinor W2,s strings, are very different from that of the 
scalar W2,s strings. The critical center charges C for scalar W2,s are fixed, for example C = 100 for 
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s = 3 and C = 176 for s = 4. One usually need an exact center charge for the Liouville sector to 
obtain the realizations of certain scalar non-critical W2,s string. But for spinor W2,s strings, the center 
charges are arbitrary for both the critical and non-critical cases. The reason is that the condition 
Qo = is satisfied automatically as a result of the property of spinor field. 

4. Conclusion 

In conclusion, we have constructed the new ghost field realizations of the H^2,3 and ^2,4 algebras, 
making use of the fact that the ^2,3 and W2,4 algebras can be linearized through the addition of a 
spin-1 current. The spin-s current Wq in the linearized Wi^2.s algebras is mill. This null current is 
identically zero in the case of the two-spinor realizations of the Wi,2..s algebras [16]. However, Wq can 
be non-zero and is realized by the bosonic ghost fields in this paper. In addition, the other two currents 
To and Jo are also realized by the bosonic ghost fields. Then the non-linear bases of W2,s have been 
constructed with these linear bases Tq, Jq and Wq- Subsequently, wc use these new realizations to build 
the nilpotent BRST charges of spinor non-critical W2,s strings. The BRST charge generalizes the 
one for scalar non-critical W2.S strings, and it is graded with Q^ = Q\ = {Qo, Qi} = 0. In particular, 
using the procedure mentioned above, we have already discussed the cases of s = 3 and 4 in detail. It 
is easy to see that these constructions are very standard, that is, there are three solutions for s = 3 
and 4, respectively. It is worth to point out that the results of the non-critical W2,,s(s = 3,4) strings 
would turn to that of the corresponding critical strings when the matter currents vanish. Similarly, 
other field realizations of VF2,s strings can be obtained with our method. And furthermore, such real- 
izations with higher spin s will be expected to exist. In view of these points, it would be interesting to 
investigate the physical states, which are defined as the cohomology classes of a nilpotent BRST op- 
erator Qb- Moreover other implications, such as the construction of the W-gravity, can be studied also. 
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